Introduction to Vectors and Frames
A simplified view

CIS - 600.445

Russell Taylor
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Defining things relative to other things
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Defining things relative to other things
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Defining things relative to other things
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Defining things relative to other things
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Defining things relative to other things
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Defining things relative to other things
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Defining things relative to other things
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COMMON NOTATION: Use the notation F; to represent a
coordinate system or the position and orientation of an
object (relative to some unspecified coordinate system).
Use F,, to mean position and orientation of y relative to x.
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Want these to be equal

Can calibrate Tool path
(assume known for now)

Can control II |

/
Planned
hole
Base of robot

Assume equal
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Question: What value of F,

rist
Base of robot will make FTip = FTarget ?

Answer:
I:Wrist = FTarga ¥I ¥FWT! !
= FTa’get ¥FWTI '
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II I:Wrist
/

Notational Note Question: What value of F,,
Weuse thenotatlonA_\.¥B will make F,, = Fry . ?
to representompositia or
: Answer:
transforméon. Where the o
contextis clear,we mayalsouse Furis = Frage ¥! ¥Fur
AB for thesame thing. = Fraga ¥R, *
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Question: What value of F,,,,will make these equal?

I:WT

Tool holder

Coager>
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But: We must find F.; E Let® review some math

FWrist = FCT ¥FCP ¥I ¥FWT! '
= FCT ¥FCP ¥FWT! '

b= I:Hole¥|:HP
DY
F - .
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Coordinate Frame Transformation
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|h(5e acknowledgment: Sarah Graham and Andy Bzostek
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Coordinate Frames

_____ vV = F¥b '
f [R,r'f]¥b

:R¥b+b

-————-

2 o &R’p\
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Forward and Inverse Frame
Transformations

Forward Inverse

F=[R,p] F''v=b
b=R'"¥(v! p)
=R''¥vI R''¥p
v=F¥b
=[R,p]¥b
=R¥b+p F'*=[R'*I R ¥p]
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Composition

AssumeF, =[R,,p,], F, =[R,.p,]
Then
F, ¥F, ¥b F,¥(F, ¥b)
—F¥(R ¥b+p21) |
—[Rl,pl]¥gR ¥b+p2)
=R, ¥R, ¥b+R ¥p2+pﬂ
=[R,¥R,,R, ¥p2+p1]¥b
0 | |
F ¥F, :[R11p1]¥[R%1p2]l
=[R,¥R,,R,p, +p,]
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Vl =F rist,1¥pWT = l:CT ¥b1

W
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=F. ¥b

=F. ¥b

F r|$2¥pWT = F ¥b
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Frame transformation from 3 point pairs
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Frame transformation from 3 point pairs
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Frame transformation from 3 point pairs

vV, =Fcb, =R b, +p ¢ ‘a&,‘/‘ bs
Define b’
I 1 | 1.3 | \l.‘*_gi_" a
v =§ vk b,==" b, b, NG
! Ly L g1y “b,
u, :v v, a =b,!b,
Fed =R ca +P,c 3 ;
! I g : ' 1XV\ 3 XV3
RrCak +prC = RrC (bk ! bm)+prC ;\\\ m /tl/v
u, “~x= s
: \ .
chak chb + prC chbm ! prC “UZ
- .-~ -~ T--- - -=-====" I Al
R.a =v,—-Vv_=U X
LK "¢ Solve Thesel! | v,
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Rotation from multiple vector pairs

Given a system Ra, =u, fork=1" ,n the problem is to estimate R.
This will require at least three such point pairs. Later in the course we
will cover some good ways to solve this system. Here is a hot-so-good
way that will produce roughly correct answers:

| | | |
Step 1: Form matrices U=[u, " wu,]JandA=[a, " a]

Step 2: Solve the system RA =U for R. E.g., by R=UA"!
Step 3: Renormalize R to guarantee R'R =1.
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Renormalizing Rotation Matrix

Given "rotation" matrix R :#X | éy | rz$ modify it so R'R =1.

| | |
Step 1: a=r %,
oy
Step2: b=r,%

I ! I w
Step3: R . =&% b R
P s =gl | T | Tl
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Calibrating a pointer

But what is by,??
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Calibrating a pointer

Flab 600.445; Copyright © 1999-2002 rht

Calibrating a pointer

For each measurement k, we have
b =R btlp +pk

l. e., | |
R btlp b =1p,

Set up a least squares problem
D, # $ ¢
e te
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Another Example

Pre =Fry ¥Pys
Fry =Fg ¥Fgy
=[Rg ¥RBU’R ¥pBU +pB] |
Pr =Rg ¥Ry, ¥pr +R ¥pBU +tPs
Also

PTf =F; ¥p|3f
Per = ¥pr |

_RBU ¥pr +'pBU | |
Py =Rg ¥Ry ¥py + Ry ¥pgy +Pg
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Another Example

Suppose that the track body A
to US calibration is not perfect /

I:BU* = I:BU! I:BU I |
. : \

:[RBU! RBU’RBU! Psu +pBU] \

p _F BUpLif prl
( RBUpr+ pBU)" (RBUpr pBLf)

=Ryg,! BUIpr +Ry,! ﬁ)Bu +pBU ;' RaPyr

=RBU! RBUpr +Rg,! pBU i RBUrE)Uf
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Another Example
Continuing E

! p = RBU" BUpr +RBU pBU #RBUpof I
$ RBU (I +SkeW( BU ))pr +RBU F.}BU #RBUQUf

_/B'U/{ +R P¥ BU /(pLif +RBU'I .pBU # Upr
:RBU /(p\Jf +RBU" pl?U

= #RBU ¥pr O/Id BU ;'-RBU" pBU I

= RBUSkeV\I("‘-L-l‘:FI)BU )I BU + RBU" .pBU
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Another Example
Py +" pr =F," F(pr+ |oBf)I |
pr =F ("F pr+|F Per J#FoPs,

"F (pr+ pr)— (pr+"be)+"bBI .

$ I (prl'" pr)"' pB
= (pr +" pr)'H /‘pr +’ g %0 pr +" pB
! s !
"Pr $F #Fapy |
=Ry +Pg # (RoPor +Ps)

! I 1
! pr $RBUSkeW(#pBU)I BU +RBU pBU
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Another Example
be +" p;)Tf =R,"F, ([:DBf +" F;)Bf) |
o P SRR (P Pa J# P
"Ry (o +"Per )= Re (o +"Pu )+ Py
S5kl ) " bg)o" o
= (Par +" Po )+ o H0er +7 o % P+ P
| $|b'3flJr”prIJF!IBO/Iquf|+”|IOB | |
"Pri $F (e + Por + /' Mo+ D J#FPg
! =|:B("|b8f+.I'!chq'oE'3f+"|@B)I
"Pgr SRy skew(#ng, ) oy +Rey” Py
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