Homework Assignment 2 Answers — 600.445 Fall 2002

Question 1

Consider the optical position measurement system shown in The system resembles the
Northern Digital Polaris™ system, among others. It hastwo 2D CCD cameras that can detect the image
of markersin thefield of view of the detectors. Two coordinate systems, F,_and F;, are associated with
the two detector lenses. Image processing software in the system is able to compute the positionsin
image coordinates of pointsin the field of view of the detectors. For the purposes of this exercise, we
will assume that the detectors obey a pinhole camera model:

where b and € are the positions of a3D point relative to the left and right camera lens coordinate
systems, respectively. The two detector coordinate systems are nominally related to each other by the
relationship

FR =|:L |:H:LR
Fie =[1,[X,0,0]" ]

where X isthe distance between the detectors. But the actual relationship is dightly different:

Sen al”—fbxfby v, =
sor value U, = b_z b_z Sensor valuev, = fC—,fC— where & and

& are small
vectors

To calibrate
this device, we
havea
calibration
fixture
consisting of a
number

N, akes (N>5) Of
non-collinear
markers located
at points @ with
Figurel respect to the
fixture

coordinate system. Thefixtureislocated a F ; relativeto F, .

1of9



A. (5points) giveformulasfor b, and ¢ intermsof &, AR(@), and £ .
b, =Flo @ =Ry, @ +Pis
¢ =R b,
=R ' [fb, -, ) wherep,, =[X,0,0]"
= AR(@)™ b, ~p, ~£)
=AR@)F, B -Pr)-MR@)E

B. (10 points) Simplify these expressions so that the elements of & and £ appear only linearly.
bi :FLB [é,' :RLB @1 +erB
=AR(@)™ B, - AR@)™ P, ~MR@)* &
skew(d)) b, (I —skew(@)) B, —(1 —skew(@)) E

0

(-

b, —a@ xb, —p,, +@ X x £ @ ¥
b, ~P.s +3 X(Prr —B;) ~€

(Fs @ —P, R)+a x(Pr —Fis @) -
d +a

d —d, x

0

xd, -& whered, =F_, B —P,,
-&

C. (10 points) Suppose that you are given the values of F;,a, U, V,, and X . Outline a method
for estimating R(a) and &€ . Include a statement of the agorithm in some suitable pseudo-code
or step-by-step summary, together with all necessary formulas.

Observe that we know the values for b, and, thus, d, =b, —p,. Expanding gives us

Cx,i dx,i +dzay _dy,iaz _gx
Cy,i = dy,i +dxaz _dz,iax -
C,, dz,i +dyax _dx,iay B

Further, we know that
fc,—v,c, =0
fc, -v,c, =0
Substituting gives
f(d, +d,a, -d,a,-¢,)-v(d, +da, -da, <,) =0
f(d,; +da,-d,a, -¢,) v, (d,; +da, -d.a, <,) =0
l.e,
fd,a, - fd -fe, -vd, +v,dga, -vd a, -ve, =-fd

ylz xUx, iy

*)
fda,-fd,a, -fe, -vd, +vdga, -vd a, -ve, =fd
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So the appropriate method might be the following:
Step 1: For each i, compute ai as shown above
Step 2: Solve the system (*) using alinear least squares solver to estimate @,&
Step 3: Compute AR (&)

Step 4: (Optional) Use AR(&)and & to update an estimate for F ;and iterate the

above steps to convergence. In this case, the formulas will be dlightly different
since you won't be ableto assume R ; =1 .

D. (10 points) Suppose that the value of F ; isonly known approximately. I.e.,
I:LB* = I:LB .AFLB
AI:LB = [R(B)! 7:|
forsmall Sand y. Further, thevaluesof F ,and & are such that all of the calibration markers

are within a sphere of radius approxi mﬂtely X /4 and centered at a point approximately
distance X from each of the detectors.” Give formulas approximating b, and T that the elements

of a, & f3, and y only appear linearly.
Note that now
b, =F, [OF , &
=R DR (6) B +Rys I/ +Pis
=R (8 +Ry [B*a+R [V +P.
Substituting in this expression into our equation for € gives
¢ =AR(@) D, -AR@) P, -ARE@)E
=B, ~Prr +@ *(prs -b,) €
=R B +Pr ~Prr +Rip Bxa+R . F +&Xp.x B,) &
=R @ +P —Pr *Rs B*8+R, F+d (P x Ry 8 ;) <
=d, +R; [Bxg +R; [ +d, xa —& whered, =Rz [& +p;
=d, +(R,; Bkew(-d)) [B +R; ¥ +d, x& -

E. (10 points) Explain how you would modify the answer to Quest ion 1.C under the assumptionsin
Question 1.D. Again, giveall pertinent formulas.

Note that you now have a system of the form

! Note: Thereis nothing particularly magical about these distances. | am just specifying a position of the
calibration marker that is not likely to get you into any weirdly degenerate configurations.
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6i :ai -R 5 [3kew(a) b +R ¥

¢ =d, +(RLB E;keW(_g‘w)) [B+R,  +d, xa —€
ub,; = fb,;
u b, = fb,,
VyiCyi = fCy
v,.c, = fc,

Solve this system with linear least squares for @, &, 3, and . Then update your
estimates of F , and F ;and iterate the solution.

F. (10 points) Suppose that you do not know an initial estimate for F_; , although you still know that
the calibration body is located so that al of the calibration markers are within a sphere of radius
approximately X /4 and centered at a point approximately distance X from each of the detectors.
If youaregivenvauesof &, u,, V,, and an approximate value of X, isthis sufficient
information to estimate the value of F ; ? If so, outline a procedure for doing so. If not, explain
what additional information is needed?

The basic approach isto assumeinitialy that @ and £ are 0. Solve

ux,ibz,i = fbx,i
u,b,; = fb,;
Vx,iCz,i = fo,i
v,;C,; = fc

Eu = FLR_l [E)i

for b, and¢,. Then, use the known values of & and your estimated values of b, to
estimate for F, . Then you can use the method in 1.E. The main thing that this requires

isthat the tracker be not too badly warped and that the various optimization problems not
be too badly conditioned numerically.

Question 2

Consider afluoroscopic dewarping calibration fixture similar to that discussed in class. The fixture
consists of arectangular grid of small radio-opaque spheres spaced at adistance d millimeters apart from
each other. The origin (0,0) islocated at the center of the grid, and the individual spheres are located at

points f, , =[ixd, j xd,0] for integers i and j. Suppose that the transformation from the detector’s
coordinate system to the calibration plateis given by F,c =[Rpc,Ppc] -

The detector diameter is D millimeters, the detector pixels are square, and the detector pixel sizeis
p=D/1024 . In the absence of distortion, areported pixel position of @ =u,,u, | would correspond to a

physical position h = pti on the detector. However the fluoroscope has an unknown distortion
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g(u) = [gX(U), g, (U) | such that the actual position on the detector corresponding to a detected position

twouldbe h* = ,o(U +Q(U)) . Although g(0) is unknown, we know that it does not change quickly.

og og
X< X<
Ju, Vex au, Yy
ng ng
< <
ou, =Yy du, = b

Suppose that the dewarp calibration fixture is placed directly on top of the detector (i.e., suppose that
the transformation from the fixture plate to detector is the identity, F,. =1 ) and that the computer is

capable of determining the coordinates U, ; corresponding to the apparent image of each fiducial point

f

[
A. 15 points) Outline asimple computational procedure for estimating the distortion
g (4) = §(u) using bilinear interpolation and show how this can be applied to find an estimate

h® (@) =h(t). Includeal relevant formulas.

Let G, ; bethe position in detector coordinates reported for the i, j)th fiducial. We then know the
following relationship

Step 0: Define

Step 1: Given an arbitrary value U find an (i, j) and (A, 1) such that

U:(l_,u)((l_/])ui,j +/h_ji+1,j) +,U((1 _/])Ui,jﬂ +A Ui+1,j+1)
0<A<1
O<su<l

Step 2: Compute
Q(St) (G) = (1_/1)((1_/])Qi,j +/]gi+1,j ) U ((1 A )gi,jﬂ +A gi+1,j+1)
) (6) = p(a-+9 (1)

B. (20 points) For the procedure given in A, estimate the maximum error. |.e., if
Re" (o) = h* (@) -A*™ ()
then produce formulas giving bounds on h{*” (i) and h{®" (i) .

For simplicity, let’s define
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Then,

Similarly, we can define

and define
G(A, 1) =G(U; , + A8+ b +Auc)
G=(A, 1) =0, +AA+uB +AuC
Further, .
0G(A,u) _ 99 ou, , g oy,
oA ou, a4 ou, oA
= :Li (a, +uc,) +%(ay +uc,)
0G0 _ Vel + pe) + vy (| + /4%\)]
041w (lad + ded) + v (3] + 4o )
06| [ Veell+ 1 ay\]+ /{ Kol + K,y\cy\]
A | nalal+nalal] " Kol ke
and

0G(4,4) _ 09 du,  9g 0uy
ou  0u ou du, Oy

_dg a9
= (b, +Ac,) +a(by +/1cy)

X y

‘GG(/\,,U)‘<[yx,X|bX|+ Vi by‘]_l_/{ VXM|CX|+ K,y‘cy‘]
o | Lyuled* wy ol | Baled* Kyle

We can express the error in our distortion approximation as afunction of (A, 1) aswell:
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H" (A1) =h*" (4, ; +A8+ub +Mutc)
= pG(A, 1) = pG= (A, 11)
= pG(A, ) = pG(0,0) - pAA - pB — pAC
Note that
H® (0,0)=H" (1,0) =H*"(1,1) =H*'(0,2) =0
Now note that
OHT (A, uF P G5 o G=(A,p)
OH ™" /04 = paG(A, )[04 - pA - puC
OH ™" [op = paG(A, u)/ou - pB - pAC
Now, theerror at any point
A max‘aﬁe"/a/l‘+u max‘aﬁe”/au

(1—A)max\aﬁ e”/a/]\ +u max‘aﬁ“r/ap(‘
+(1—,u)max‘6l:|m/6u
(1—)|)max‘6l:|‘”/a/l‘ +(1-p) max\aim/a/,z\

‘H ) (/L'U)‘ = A max‘al—T e”/6/1

Now
\aﬁ e"/azl\ :p‘aé(/],,u)/a)l —A—yé\
alal+ xyla) +|/x|]+ {Vx,xlcxl + ¥yl +ICx|]
_yy,x|ax|+ Vyvy‘av‘ +‘AV‘ Ko + K,y‘cy‘ +‘Cy‘
oK = /o] =| pdG(A, ) /o - pB - pAC|
_yx,X|bX|+ Yiy by‘ +|BX|]+/]10[ Yoxlcd + K’y‘cy‘ +|CX|]
Vyulo]+ Vy,y‘by‘ +‘By‘ Voulcd+ Vy,y‘cy‘Jr‘CV‘

We can rewrite this as

<

<

ot P, R,
gty
‘6I:| e"/ay\ < p{gx} +/1,0L:j

y
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For 0< A, u<1. Thiscan clean up abit to

‘I—T“’(A,,u)‘s

p(/1|5+,u(j+2)|,uﬁ)
p((1—)|)ﬁ +u(Q +ﬁe))
p(A(P+R)+(1-1)Q)
p((P+Q)+A(R-P) +u(R -P) -24R)

\H"e”()l,y)\s

Now, one could in principle solve these of these inequalities over (/1, ,u) to find atight bound.

\He" (/1,;1)‘3/7* where

n =argming subject to
(A)

p(AP+1Q +24uR)
p((l—A)f’ +u(Q +|§))
p(A(f’+|§)+(1—,u)Q)
p((P+Q)+A(R-P) +u(R -P) -2uR)

But areasonable, perhaps dightly looser, bound can be found by evaluating thisat A = i =% and

taking 77° =p(F3 +Q+|§)/2

C. 10 points) Suppose now that the U; ; are subject to some measurement errors, so that

8of 9



G, =0, +Ad,
Oy, =[ 44V, | where|u |<u™, |v,;|<v™ (small numbers)
Produce arevised formula estimating h*"” (Gi) =h" (@) —h* (0) .

One canin principle grind through formulas very similar to those in the previous part, adding in
™ and v™ at appropriate places. However, if we assume that the distortion doesn’'t change fast and
that the measurement errors are small, then the following estimate of the distortion is close enough

‘I—Te”()l,,u)‘s,o +AP+uQ +2}|,uR)

p(N +@1- /1)P+,u Q+R )
s,o(N /1 P+R )
sp( P+Q +/1(Ii |5) +,u(|i—l5) —2)I,u|i)

where
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