Homework Assignment 3 — 600.445 Fall 2004
Instructions and Score Sheet (hand in with answers)

Name

Email

Other contact information (optional)

Signature (required)

I have followed the rules in completing this assignment

Question Points Points

1A 3
1B 3
ic 3
1D 3
1E 8

2 20
3A 5
3B 5
3C 5
3D 5
4A 15
4B 5
5A 10

5B 10

6 15

Total 115
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— Indications include fractures, osteoporosis,
— Often relieves pain

— Typically performed freehand under x-ray
— For current problem, we will assume a

— Note: could equally have assumed pedicle

Computer-assisted vertebroplasty

— Injection of cement into vertebral bodies

using large needle inserted through pedicle

tumors

guidance

navigation assisted method

screw placement for this problem
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1. Remember that this is a graded homework assignment. It is the functional
equivalent of a take-home exam.

2. You are to work alone and are not to discuss the problems with anyone
other than the TAs or the instructor.

3.1t is otherwise open book, notes, and web. But you should cite any
references you consult.

4. Please refer to the course organizational notes for a fuller listing of all the
rules. | am not reciting them all here, but they are still in effect.

5. Unless | say otherwise in class, it is due before the start of class on the due
date posted on the web.

6. Sign and hand in the score sheet as the first sheet of your assignment.

7. Remember to include a sealable 8 % by 11 inch self-addressed envelope if
you want your assignment
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Problem Scenario: computer assisted trans-pedicle insertion

Workstation

600.445 Fall 2005 — Homework 3 40f 24



Consider the computer-assisted vertebroplasty or pedicle screw insertion
system illustrated in Figure 1. The goal is to insert a navigated shaft down the
patient’s pedicle into the vertebral body without going outside the cortical wall of
the pedicle (and so hitting something like the spinal cord, a nerve root, etc.).

A reference body S is attached to the spine. A second reference body T is
attached to a pointer, whose tip is nominally located at a nominal offset

ﬁtiprelative to the coordinate system of reference body T. Assume that we have
the following other relationships:

F, =[R,,p,] is the reported pose of body T relative to the tracker
Fs =[Rs,Ps] is the reported pose of body S relative to the tracker
F. =[Rg,P.] is the registration transformation between S and CT

8., = the position in CT coordinates of a target point

a,,= the position in CT coordinates of the pointer tip

Thus, if Vis the position of a point relative to tracker body S, the

corresponding point will have CT coordinates F o V.

We will assume that the tool shaft axis passes through the origin of the

coordinate system of body T.
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Question 1: Basic Geometric Relationships
A. Give an expression for computing the position ﬁStof the pointer relative
to reference body S in terms of ﬁ“p and the components of Fg and F;
(ie., Rg,Ps, etc.)

551 = FsilFTISIip
= [Rsily_ﬁs :| ° (RTﬁtip +Pr )
= RS_lRTﬁtip + Rs_lﬁT - Rs_]ﬁs

B. Give an expression the workstation can use for computing the value

€ip = Rip ~ Rarget-
étip = FRFsilFTp'tip
= RRRs_lRTﬁtip + RRRS_]ﬁT - RRRs_lﬁs + ﬁR
étip = étip - é-ta\rget
= RRRS_lRTF_jtip + RRRS_]ﬁT - RRRs_lﬁs + 5R - atarget
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You may also assume that the nominal value of f)ﬂp is AZ =[0,0,A]".

Suppose, further that surgical planning software has identified a “safe path”
through the pedicle as a cylindrical tube of radius r, centered on a line segment

between points whose CT coordinates are &, and @,. The path is asserted to be

safe so long as the centerline of the tool enters and exits the tube through its
ends and not through its sides.
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C. Suppose that we want to assure that the tip of the tool is inside safe path
tube. Give a set of geometric constraints that &, must obey if this is true.

Define

QDI

_ -a
n, = y =
d
12
6= (alip - al) N,
b= Q5 —8; — é‘n12
The constraints will be
0<o<d,

ol <

Note: we will give almost full credit if you leave off the A constraint.
If linearized constraints are desired, one can compute a simple

version just by requiring that the components of R, ® (étip = 51) be

where d, =[a, -4,

safe

less than late / \/5 , where anis some rotation that rotates ﬁlzto
the Zaxis. An alternative set of non-linearized constraints would be
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d = an ® 1|p ) [dx’ :|
0<d, <d,
d,?+d,?<r,? orthe linearized equivalent

D. Express these constraints in terms of ﬁtip and the components of K, F,

and F.
d=R, *(a, -8,)=[d,.d,.d, ]
a R. .(RRRS_lRTplip +RRR3_15T _RRRs_lﬁs +5R _él)
0<d, <d,,

2 2 2 A A A
d,”+d, <r,.~ orthe linearized equivalent
E. Give constraint expressions in terms of f)tip and the components of F.,

F; and F; that must be obeyed if the tool shaft is to remain inside the

safety tube while the tip is inserted through the pedicle.
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(R R 71RTpt|p+R R 1ptlp
n

Rﬁs +ﬁR _5-1)

Iu:
en

12 shaft

Now, we can substitute this value of z to find the point éihaﬂ where
the shaft crosses the plane.
=l
a’shaft = tlp tunshaft
-1
A, - uR.RR,Z
Our second constraint is now

1 -
Aghatt — al" £ Fsate

le.,
||RRR871RT51ip + RRRsilﬁtip -

safe

RePs +Pr — #RgRs 'R Z _5-1" s
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The thing to realize is that you already have most of the answer Erom
the previous question. Without loss of generality, assume that a, is
the entrance to the safe tube (from outside the vertebra) and ézis
the exit into the vertebral body. If éﬁp is inside the tube, then we
want to compute the intersection of the pointer shaft with the plane

perpendicular to ﬁlzthat passes through él. Any point on the
pointer shaft (in CT coordinates) may be represented by
Qe = atip — HNgpa
©=0
—

B N = RrRs Ry z

Any point @ on the plane in question must obey
(3-8,)e, =0

Substituting the definition of a, . will enable us to solve for u
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Question 2: Simple Registration
Suppose that three vertebral landmarks have been identified on the CT
images. Let the positions of these landmarks in CT coordinates be given by bl,
62, and 53. Outline a process for computing the registration transformation F, .
Give formulas.
Here, | won't go into great detail. The essential steps are:
1.Touch the three landmarks & compute the corresponding positions
C,,C,,C,in reference body coordinates
2.Use any point-cloud to point-cloud method to compute FRsuch that
b, =F ec,
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Question 3: Simple Error Analysis
Suppose that the actual values of our transformations are given by

F, =F, e AF,
F'=F eAF,
R =F, e AR,

where AF, =[AR,,Ap, ], etc. and we have the following relationships
Ap, =&,
AR, ~|+skew(a,)

Likewise, suppose that the actual value of the pointer tip is

5tipik = 5tip + Aﬁtip = 6lip + ‘E‘:tip

A. Give an “exact expression” (in terms of the AR, ’s, etc.) for the error in
the value of P,.

The nominal expression for P, is
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Po =Fs Py =Rs RePy, +Rs™ (Br —Ps)
Po = AR 'R 'R ARD,

~ AR R (Byp + G %Py + 5 )

= AR R Ry — Ry (B x 1 ) +Rr & 45y )

= AR (Rg RyBy, —Rs Ry (Byy % & ) +Rs 'Reér +Rs ™ (By —Ps )
Rs RiPy, ~Rs 'Ry (Byp ¥ &5 ) +Rs Ry & +Rs ™ (Br ~Bs)
+(RS’1RT§ﬁp ~Rs Ry (By, %@ ) +Rs R & +Rs ™ (Br —Ps )) X G

=G5

Q

Ps —Rs Ry (5tip X oty ) +Rs R & +Pg X ds
= +(_R371RT (5tip X ay ) +Rs R & )X ds

=&;5

& ﬁsn _RsilRT (5tip 2 &T ) + RsilRTET +F3St X&s _‘Es
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551 = FS_lFTﬁlip = RS_lRTﬁlip + Rs_lﬁT - Rs_lﬁs
=Rs" (RTﬁtip +Pr —Ps )
Ps = AR 'R RARD,
= AR'RR (AR By, + &)
= AFsilFsil(RT ARTﬁlip +R: & +P; )
= AR (Rg'R, AR, Py, +Rs 'R & +Ry 1P, ~Ry P )
_ ARRSRIAR By, + ARS'R R, &
+ARg 'R 'Pr —AR 'Rg P — AR 6
ARRRIAR By, + AR 'R R, &
&g = +AR 'R 'P; AR 'Ry P — ARG 6
- RsilRTﬁtip - RsilﬁT + Rsilﬁs

B.  Give the corresponding linearized expression in terms of the &, ’s.
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- 1 = ~ e — - -
So, & * R Ry (ptip X O ) +RTR & +Pg X0 — &

C. Give an “exact expression” (in terms of the AR's, etc.) for the error in the
value of Q-

Q, = RRpSl +Pr

—

Q, = RRARR (531 + ESt)+F3R + RRER

‘g:tip =RzARg (ﬁst + §St)+5R + RRER _(RRﬁst +5R)
=RgARg (ﬁsx + §St)+RR§R _RRﬁSt

Where &,is as computed in part A.

D.  Give the corresponding linearized expression in terms of the &, ’s.
Qy, = RRp51 +Pr

Ay, & Rg (531 +Eg +ag x(ﬁsn +ESI))+RR§R +6R

~a,

tip +RR (aR Xpst +gSt +gR)

&ip =Rg (aR XPg t &g +5R)
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Question 4: Constraint propagation & analysis

Suppose that we know that the components of tracker error are limited by
constraints

‘&TI‘ Su ‘as,i

‘5” ‘ v ‘gsyi ‘ v

<u

and that the pointer is perfectly calibrated so that Eﬁp =0.

A. Give a linearized set of constraints restricting the possible error in the
registration transformation FR, as computed by the process in Question 2.

l.e., develop a set of linear inequalities that must be obeyed by &, and &;.

Let C,be the computed position P, of the pointer tip when point a, is

measured and E;be the corresponding actual position. Then we know
that
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B. Assume now that # =0.01and v =0.2mm and that
b, =[100,100,100]
b, =[110,100,100]
b, =[100,110,100]
Py, =[0,0,-100]
Fs =[1,[0,-50,-1000]]
F, =[L[0,0,~1000]] = k. when probe tip touches landmark 1
F ., =[1,[10,0,-1000]] = F. when probe tip touches landmark 2

F 5 =[1,[0,10,-1000]] = F. when probe tip touches landmark 3

Roughly, how accurate will the computed value of &, be?

tip
Note: There was a typo here, | had meant to say 4 = 0.001. The TA's
will be reasonable in assigning credit.
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—

ak =FrCy
=RRARR((‘:k +A6k)+ﬁR +Ry &,
~C, +Ry (Gg xC, +AC, +55)
=C, +Rp& +Rpéz R (€, xag)
=C, +R & +R &, —Rskew(c,)a,

Re' (8, —C, ) =&, + &, —skew(C,)ay

Now, all we need to do is an expression for &, in terms of the; , , etc.

Dropping the k subscript for a moment. We note that this is just the
answer to Question 3.B. So, our final constraint set is

Ek = _RsilRT (ptip ><5‘T,k)"‘ RsilRTET,k +Cy X &S,k - ‘z’:S,k

R’ (8, —C,) =&, +&, —skew(C,)a,
0= (| J-Jr <

O <[l for < v

600.445 Fall 2005 — Homework 3 18 of 24

- pr——r - prre——— o -
& =-RgR; (ptip X aT,k)+RS Ri& +C xag, — &,

= _(ptip XaT,k)+8T,k +C X Qg — Egy

= gptr + gref

gplr = _(plip X aT,k)+ ‘9T,k
Eret = C X gy — &5y

The value of the three C, will be

¢, =[0,-50,0]
¢, =[10,-50,0]
¢, =[10,-40,0]

This gives

"Eplr "max ~ 100’” +v=1.2mm
"Eref "max ~ 51,U +v=0.7 mm

||§k||max ~1.9 mm
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Now, the big problem is that the sample points are very close together,
which will produce a rather large limit on &R. Our expression for the

error in tip is
np ~R (&R Xﬁst +‘§St +‘§R)
=y XPg + 84 +E; TOrR, =1
We can estimate limits on
2x1.9 mm mm _
L
€= <1.9 mm
For a typical value of pg, = [0,50,0] this gives

|| = 38%x50+1.9+1.9=22.8 mm

This tells us that this registration is likely to be fundamentally unusable.
To improve it, one either needs a more accurate tracker or a larger
baseline on the registration points, or both. E.g., if the value of u were
0.001, then we would have

|&|.., ®151u+2v ~.15+.4~.6 mm

If the spacing between the registration landmarks were then made about
40 mm, the resulting value for ¢, and &; would be
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Question 5: Vibration & Disturbance analysis

Suppose that the tracking system, which we have assumed to be stationary in
the OR is jostled so that its orientation is changed by an amount

AFcam = [l + SKGW(&Cam )‘ gcam]
where

=[0.010.02,0.03]
=[123]
Assume also that we have the nominal measurements described in Question

4B.

A. What error will be introduced in the measured position of the pointer tip
relative to the camera of landmark 1?

Eadded ~ &cam x (ﬁT + 5tip) + gcam
=[0.01,0.02,0.03]x[0,0,-1100]+[1,2,3]
=[-21,-11,0]+[12,3] =[-20,-9,3]

B. What error will be introduced into the computed value of ﬁtip’?

To a first approximation, no significant error will be introduced.
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Jae < 25000~ 0,03

40 mm
|éz] <6 mm
For a typical value of pg, = [0,50,0] this gives

|6~ -03%50+.6+.6 =2.7 ~3 mm
which is more reasonable, though not terrific.
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Question 6 (Extra Credit)

Under the assumptions of Question 4B, how much should the radius of the
“safety tube” be reduced to ensure that the actual pointer never goes out of the
safe region.

Note: There was a typo here, | had meant to say & = 0.001in Question
4B. The TA's will be reasonable in assigning credit.

Essentially, we need to consider the tip and shaft direction uncertainty.
Let the uncertainty of the tip position be limited by "a‘np || < ¢ andthe

shaft direction uncertainty be limited by an angle £. Then the worst
case will occur when the tip is offset at the bottom of the pedicle safe
tube by & and the shaft is tilted in the same direction by an angle

uncertainty . Now, is the length of the safe tube is d,,, then the worst
case error will be § + ﬁdlz. Plugging these numbers into the
assumptions (after fixing the typo) will give (2.7 +0.03 d,,). Fora
plausible value of d,, of 10 mm, this gives 3 mm.

600.445 Fall 2005 — Homework 3 240f 24



