Homework Assignment 3 B 600.445 Fall 2007
Instructions and Score Sheet (hand in with answers)
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Instructions

1. Remember that this is a graded homework assignment. It is the
functional equivalent of a take-home exam.

2.You are to work alone or in teams of two and are not to discuss the
problems with anyone else other than the TAs or the instructor.

3. It is otherwise open book, notes, and web. But you should cite any
references you consult.

4. Please refer to the course organizational notes for a fuller listing of all the
rules. | am not reciting them all here, but they are still in effect.

5. Unless | say otherwise in class, it is due before the start of class on the
due date posted on the web.

6. Sign and hand in the score sheet as the first sheet of your assignment.

7. Remember to include a sealable 8! by 11 inch self-addressed envelope
If you want your assignment returned to you
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Problem Scenario: Surgical Navigation
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Figure 1: Surgical Navigation
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Consider the surgical navigation system shown in Figure 1. The system
consists of a tracking device (here an optical localizer such as the NDI
Polaris), a computer, display, and a number of reference @racker bodiesQ
each of which has multiple markers capable of being tracked by the tracking
device. Also, there is a simple pointer device which has two markers in line
with the pointer tip. The position of the two markers relative to the tracking
device are c':1 and 6:2, respectively. The distance between the two markers is

x, and the distance from the bottom marker c, and the tip is x,. The
approximate values of x, and x, are 100 mm.

A reference tracker body is attached to the patient® skull, as shown in the
picture. The tracker body is approximately 100 mm square with markers at
the corners and the patient® skull is located approximately 2 meters from the
tracking system. The tracking system includes software that computes a

coordinate transformation F_. from reference body coordinates to tracking

system coordinates. Thus, if a marker has coordinates bmrelative to the
reference body, the corresponding position relative to the tracking system will
be F_b

ref - m"

Preoperatively, three posts have been affixed to the patient® skull, and the
patient was then CT scanned. The CT coordinates of tops of these three
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posts are b1, bz, and 53. The navigation system has (or will compute) a
coordinate transformation F_ between the patient reference body and CT

coordinates. You may assume that CT coordinates have been scaled to mm.

Notational Note
We will adopt the notation that HVH is the conventional L2 norm of v and

" |
M is the L-infinity norm. Thus, if v= .!.x,y,zgthen

i = Ry

|

v, = max(y 2
|

We will also adopt the notation that if v = .!.x,y,z%then

V= By 2
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Note

In this assignment, you can either solve using the L-infinity norm (as in the
guestions) or you may substitute the L2 norm. If you do you must be clear.

More generally, you should explicitly state any simplifying assumptions
and make clear when you are using such assumptions.

Finally, remember that we are interested in estimates of errors. If you find
yourself grinding through many pages of derivations with many trigonometric
formulas, you should think about what simplifying assumptions may produce a
reasonable answer.

Question 1

A. Give a formula for computing the position Eﬁp of the tip of the pointer
relative to the tracking device in terms of i:l and 82.

B. Give a formula for computing the position én of the tip of the pointer with
respect to the reference body
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C. Give a formula for computing the position Btip corresponding to the
position of the tip of the pointer with respect to CT coordinates.

D. Suppose that the tracking device is known to have some error so that the
actual p03|t|on of a marker c = c + Ac Produce a formula giving the

error |nc (|e Ac Wherec —c +' c“p)

E. Estimate the value of |! €| given that [AC,| <!, with! = 0.3 mm for
any marker k. Give a formula in terms of v and then in terms of mm

F. Again assuming that ‘! ck‘ # 1, with! =0.3 mm for any marker k
estimate the error in the estimate of F .. I e., estimate bounds on
positional error ‘f ‘

F . =F_!F

ref

‘ where

! |:ref — # I:Qref ’[refla)
! Rref & | + SkeW(" ref ) I
l.e., estimate values ! . and! _ such that ‘!' ref‘l

"3

ref ? ref |, ref *

Again, give a formula in terms of ! and then in terms of mm.
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Question 2

A. Assume that the registration Freghas an associated error of

LE " g/; skew(!! reg),'lregt‘, produce a formula estimating the error Ab,in

reg

gref ! Oéreg ! Ereg

the estimate of b, intermsof ! ¢, a

ref ?
1

<$

R ]
00 reg

B. Assume that the registration error is bounded ‘!' reg‘ <"

reg’ reg

r

estimate a bound on ‘! btip‘" interms of I, " ., and #_ , assuming that

AC,| <!. Hint: First work out your answer in terms of AC,_, ! and"

ref ref

and then substitute in your answers to questions 1E and 1F.

Question 3

Suppose now that the surgeon performs a 3 point registration process by
placing the tip of the pointer onto each of the three registration pins. By a
curious coincidence, the three pins are located at positions
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b, = 100,100,100

b, = 150,100,100
|

b, = 100,150,100

In CT coordinates. Further their physical positions relative to the reference
body coordinate system F . are

d, = 100,100,! 100§
d, = 1150,100,! 1003
d, = 1100,150,! 1003

A. What is the nominal value of Freg?

B. Assuming that | ck‘ #1, with! =0.3 mm, what are approximate

bounds on the registration error. l.e., what are !regand " g ?
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Question 4 (extra credit)

Suppose that the values of x and x, are not known, but that it is known

that the two markers are in fact collinear with the pointer tip. Describe a
process for intraoperative calibration of the pointer to determine these values.
You may want to include a simple sketch. In addition, you should give a step-
by-step procedure and should include all relevant formulas.
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