Homework Assignment 2 D 600.445 Fall 2009
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Name

Email

Other contact
information (optional)

Signature (required)

I have followed the rules in completing this assignment

Name

Email

Other contact
information (optional)

Signature (required)

I have followed the rules in completing this assignment

Question Points Total Points Total
1.A 3

1.B 3

1.C 3

1.D 3

1.E 3

1.F 5

1.G 15

1.H 15

Question 1 50
Subtotal

2.A 5

2.B 5

2.C 10

2.D 10

2.E 5

2.F 5

2.G 15

2.H 5

Question 2 60
Subtotal

Total 110




10.

Remember that this is a graded homework assignment.

You are to work alone or in a team of two people and are not to discuss the problems with
anyone other than the TAs or the instructor.

Put your names and email address on each sheet and number the sheets.

You are encouraged to make free use of any published materials, the web, etc. in
developing your answer but a) you must give full and proper citations to any references
consulted and b) you may not consult, discuss, or otherwise communicate about this
assignment with any human being except your lab partner, the course instructor, or the TAs.
The one exception is that you should not refer to previous yearsO homework.

Please refer to the course organizational notes for a fuller listing of all the rules. | am not
reciting them all here, but they are still in effect.

Unless | say otherwise in class, it is due before the start of class on the due date posted on
the web.

Sign and hand in the score sheet as the first sheet of your assignment

Remember to include a sealable 8 ! by 11 inch self -addressed envelope if you want your
assignment.

Attach the grade sheet as the first sheet and attach all sheets together.

You must include a self-addressed, seal-able 8 ! x 11 inch envelope if you expect to the
homework to be returned (per JHUOSs interpretation of FERPA).
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Fioure 1

Consider the ultrasound-guided interventional system show in Figure 1. The system consists of
an electromagnetic tracking device capable of returning the pose (position and orientation) of
tracker Origid bodiesO relative to a base statiora 3D ultrasound probe, a surgical instrument,
and a computer system & display capable of displaying 3D CT images of the patient, along with
computer graphic renderings of the surgical instrument. We have the following coordinate
systems defined:

¥ F, =The coordinate system associated with an anatomic object

¥ F, =The coordinate system associated with the electromagnetic tracking system

base unit
¥ F. =The coordinate system associated with the CT image

¥ F,,F_.,F, = The coordinate systems associated with tracker rigid bodies attached to

the ultrasound probe, the surgical instrument, and the patient, respectively.
¥ F, =The coordinate system associated with the end of the surgical instrument

¥ F, = The coordinate system associated with the ultrasound image

For the purpose of this exercise you can assume that the patient is OrigidO, i.e., does not deform,
although the patient may move. The following coordinate transformations are defined:



Faps Foer Fse = The transformations reported by the tracking system the tracker rigid bodies

attached to the ultrasound probe, surgical instrument, and patient, respectively and the
tracker base unit. l.e., these transformations give the pose (position and orientation) of the

tracker bodies relative to the base unit. For example, if a point in space has coordinates V
relative to the instrument tracker body coordinate system F_, then the same point has
coordinates FBE\:/ relative to the tracker base unit coordinate system.

F,, = The transformation between the ultrasound image coordinate system and tracker
body coordinate system F_ . l.e., if a pointin space has coordinates v relative to coordinate
system F , then the same point has coordinates FDU\:/ relative to the tracker body coordinate
system F; .

F., = The pose of the anatomic structure in CT image coordinates.

F,. = The pose of the anatomic structure in ultrasound image coordinates.

F., = The pose of the end of the surgical instrument relative to tracker rigid body E. l.e., the

transformation between the tool coordinate system and the tracker body coordinate system
F.

F., = The pose relative to CT image coordinates at which a graphic object of the surgical
tool should be placed if it is to correspond to the position of the tool relative to the actual
patient.

F.. = The OregistrationO coordinate transformation relating tracker rigid body G to CT
coordinates. l.e., an image point at CT coordinates ¢ corresponds to a point FGCé relative
to the coordinate system F; .
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A.

Give a formula for computing the pose F_, of the surgical tool coordinate system F, relative
to the patient rigid body coordinate system F; .

. Give formulas for computing the rotation and position components of F_ . l.e., for

For =R

If an anatomic structure is identified at pose F, relative to ultrasound image coordinates,

on+Pey ] give formulas for computing R, and p,, .

give a formula for computing the corresponding image pose F_, .

Give formulas for computing the rotation and position components of F_, .

Give formulas for computing the position and orientation of the surgical tool, F,,, = [R,,,.p ]

relative to ultrasound image coordinates.
Assume that the tracking system base unit is subject to some systematic error. Such that

each measurement F,, associated with any rigid body X corresponds to an actual pose

value F,, = F, ! F,, how will this affect our answer to questions A-E? Justify your answer.

. Suppose that each tracking rigid body also has some error such that each reported value

F., corresponds to an actual value F,, = F, ! F, ! F, . Give formulas for estimating any
uncertainty introduced into your answers for questions B, D, and E. l.e., give formulas for
ARy, ! Pays ! Rens AP, ! Ry, and ! p,, in terms of the various components ! R,
P'pay » ! Ry, and Apy

UH’

. Assume that we know that the errors in AFB and AFBx are small in Question 1G. l.e.,

| Py fB,and PR I+ skew(&B). Produce

1
. . E :
linearized formulas for ! A and Fear

o ! Ry " 1+ skew(! ), ! p,

where ! R_, " I+ skew(a,,) and Af)CA zéCA.
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pc3‘ = [Xcs’ycs’o]
Pci = [Xgl’ycl’o] Pco = [Xcg’ycz’o]

-~ -

Figure 2: Simplified stereotactic system

Consider the very simplified stereotactic pointer situation shown in Figure 2, above. This
system consists of a 3 link planar manipulator with link lengths and angle measurements as
shown in the figure. For the moment, we will assume that the axes of rotation are all parallel to

the Z axis, so that the pointer tip lies in the XY plane. An anatomic object is present and three
fiducial points have been identified on the z = 0 plane of the corresponding CT image, with
coordinates as shown in the image.

The pointer is placed on the two fiducial objects, and the encoder angles fk =[" .#.%.] are
read. The corresponding tip positions relative to the digitizer base F, are computed, and the
registration transformation F,. is computed. Subsequently, the system computes the position

of the pointer relative to the corresponding CT coordinate system.

Hint: Most of the questions below can be answered using trigonometry and calculus, plus a
little reasoning.



. Give a formula for computing the tip position f)t relative to F; in terms of the three encoder

angles = ["#,9%].
. Suppose that the encoders are subject to some noise, so that the measured value of each
angle differs from the actual value by an amount ! | = [I " I #1 $]. Similarly, the lengths

of the three links are slightly off by amounts [Aa,Ab,Ac]. Provide a formula estimating the
error in the computed value of p, .

. Assume that the noise in encoder readings has been eliminated, outline a method for
estimating the values of [! a,! b,! c]. Give all pertinent formulas.

. Assume that your calibration step in question 2C is successful. But the encoders have
become noisy again. Assume that you have the following information:
a=150 mm, b=100 mm, c = 10 mm

|Al' |<0.05', |A" |<0.05', |A# |< 0.05',
Give a numerical estimate on the bounds on the error in the system@® calculation of 5t .
. Provide a formula for error in the systemOs calculation ofbt intermsof ! I =1 "I #1 $]

assuming that the link lengths are as in Question 2D and PHonthas#l 60 .

Provide a numerical estimate for the bounds estimated in Question 2E if the encoder errors
are bounded as in Question 2D.

. Suppose that we know that the XY plane of the anatomical object is parallel to the XY plane

of F,. In this case the registration may be performed with just two points. Suppose we
know that the CT coordinates of these points are given by f)Cl = [100,200,0] and

502 =[100,—200,0]. The pointer is used to digitize the corresponding anatomic points. The
corresponding measured angle values are approximately o, ! 45°,5 ! 30°+,! " 90" and
a,! " 45,51 "30,9,! 90', and the noise values and link lengths are as given in
Question 2D. When the pointer is positioned with angles approximately at

POt 457!t 60 , estimate the accuracy with which you can compute the
corresponding position in CT coordinates. Hint: The reason for giving approximate angle
values is that this is an estimation problem. If you actually substitute the values of the
angles into the kinematics equation for the manipulator, you get a distance between points

Pei and Pez of something like 400.14 mm. DonOt get hung up on this. Mostly, | want you to
estimate the accuracy when the manipulator is in the approximate pose indicated.
. Suppose that the rotation axes of the manipulator are not exactly perpendicular to the XY

plane of F,, due to warping and droop in the structure of the robot. Further, these axis
directions are not constant, but we know that the angle !, between rotation axis hk of joint
k and the z axis of F, is never more than 0.5' . This means that the tip will not lie in the XY

plane of F,. Give a formula for determining how far out of the XY plane the tip can be.
Provide a numerical value for this limit, assuming the link lengths in Question 2D.



