
Homework Assignment 3 – 600.445 Fall 2009 
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Name  

Email  

Other contact 
information (optional) 

 

Signature (required) I have followed the rules in completing this assignment       

                                  _____________________________ 

Name  

Email  

Other contact 
information (optional) 

 

Signature (required) I have followed the rules in completing this assignment 

                                  _____________________________ 

 

Question  Points Total Points Total 
1 5    
2 15    
3 5    
4 15    
5 5    
6 25    
7 10    
8 20    

Total  100   
 

 



 

1. Remember that this is a graded homework assignment. 

2. You are to work alone or in a team of two people and are not to discuss the problems with 
anyone other than the TAs or the instructor. 

3. Put your names and email address on each sheet and number the sheets. 

4. You are encouraged to make free use of any published materials, the web, etc. in 
developing your answer but a) you must give full and proper citations to any references 
consulted and b) you may not consult, discuss, or otherwise communicate about this 
assignment with any human being except your lab partner, the course instructor, or the TAs.  
The one exception is that you should not refer to previous yearsÕ homework. 

5. Please refer to the course organizational notes for a fuller listing of all the rules.  I am not 
reciting them all here, but they are still in effect. 

6. Unless I say otherwise in class, it is due before the start of class on the due date posted on 
the web. 

7. Sign and hand in the score sheet as the first sheet of your assignment 

8. Remember to include a sealable 8 ! by 11 inch self -addressed envelope if you want your 
assignment. 

9. Attach the grade sheet as the first sheet and attach all sheets together. 

10. You must include a self-addressed, seal-able 8 ! x 11 inch envelope if you expect to the 
homework to be returned (per JHUÕs interpretation of FERPA). 
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Consider the x-ray system show in Figure 1.  The system consists of an x-ray source and 

flat panel detector connected by a Òc-armÓ structure.  This apparatus can be rotated so that 
images can be taken all around the patient.  We assume that encoders are available to inform a 
computer of the pose of the x-ray detector relative to the coordinate system of the system.  In 
particular, we will be concerned with rotations about the x axis of the system.  The pose of the 
x-ray detector in c-arm system coordinates is 

      
FD (θ) = Rot(


x,θ),Rot(


x,θ)

pD

⎡
⎣⎢

⎤
⎦⎥ , where    

!
pD

 is the 

displacement of the detector center.  For this exercise, we will use 
     

pD = 0,0,−d⎡

⎣⎢
⎤
⎦⎥
T

.  In general, 

the encoder on the c-arm may be subject to some error.  I.e.,    θ
* = θ+Δθ , with a limit   Δθ≤ δ . 

The position of the x-ray source relative to the detector is 
      
s = sx,sy ,sz

!
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$
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T

= 0,0,f!
"#

$
%&
T

+
!
! "( )  

where the nominal displacement is 
   
0,0,f⎡
⎣⎢

⎤
⎦⎥
T

= 0,0,d + g⎡
⎣⎢

⎤
⎦⎥
T

 represents the nominal design 

     

σ θ( ) = σx θ( ),σy θ( ).σz θ( )⎡

⎣⎢
⎤
⎦⎥
T

 represents a (possibly pose dependent) deformation of the c-arm 

 
Figure 1 
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structure.  In general, we will not know the value of   
!
! , but can limit it by

   
!
σ ≤

!
η , i.e., 

   
! x ! " x , 

   
! y ! " y , and 

   
σz ! ηz

.  We can also assume that   
!
!  is very small relative to  f  and  g .   

Given a point   

b  defined in detector coordinates, the projection of the corresponding point 

onto the detector will have coordinates 
     
u,v,0⎡
⎣⎢

⎤
⎦⎥ !b
T

 in detector coordinates.   
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1. Suppose you have a point   

!
a  defined in c-arm coordinates, give formulas for predicting  u  

and  v  in terms of    f , g, d, !  and the components of   
!
σ  and   


a .  For now, you may assume 

that   

! is constant.  Hint:  you need to transform   


a  into detector coordinates and then apply 

projection formulas similar to those shown in lecture notes. 
2. Suppose that the value of   

!
!  is not known but that we know that 

   
!
! !

!
" .  Assuming that 

   δ = 0  estimate bounds on the accuracy with which  u  and  v  can be predicted, given a point 

     
!
b = bx,by ,bz

!
"#

$
%&
T

 defined in detector coordinates.  Hint: Remember that you are estimating 

errors, not trying to get an exquisitely accurate prediction.  
3. Give numerical worst-case estimates for your answer in Question 2, assuming that  d =400 

mm,  g =1000 mm,   ! x =2 mm,   ! y =2 mm,   ηz
=10 mm, and that we know that   


b  is in a 200 

mm cube centered at 
   
0,0,400!
"#

$
%&
T

I.e., 
   
bx ! 100 mm , 

   
by ≤100 mm , 

   
bz ! 400 " 100 mm  

Hint: Look at the geometry and figure out what the worst-case position for   

b  is likely to be.   

4. Assume that     
!
! =

!
0 , but that    ! > 0 . Estimate bounds on the accuracy with which  u  and  v  

can be predicted, given a point 
     
!
a = ax,ay ,az
⎡
⎣⎢

⎤
⎦⎥
T

 defined in c-arm coordinates, assuming that 

we know that 
    
!
a ≤100 mm . Hint: Think about the geometry of the situation before you get 

excruciatingly involved in trigonometric formulas. 
5. Give numerical worst-case estimates for your answer in 4, assuming that  d =400 mm,  g

=1000 mm,     ! = 1 . Hint: Remember again that you are estimating, and it is ok to be a bit 
conservative about what the worst case is. 

6. Suppose that    
!
! (" )  varies with  ! .  However, we know that that 

    

d
!
!

d"
≤

!
# .  The c-arm 

dimensions are    d = 400 mm  and    g = 1000 mm, as before, and the encoders are very 
accurate, so we can assume    δ = 0 .   An accurate calibration procedure is available that can 
determine     


! ("k )  to arbitrarily high accuracy for any discrete angle   ! k .  A system designer 

has proposed to use this procedure to determine values of     
!
σ(θk )  for a set of angles 

    
! k =

2k"
N

 for 
    
k = 0,1,! ,N ! 1{ }  and then obtain values of    


σ(θ)  by linear interpolation.   

These values, in turn, will be used to improve the quality of a Òcone beamÓ tomographic 
reconstruction.  For any given point   


a  in c-arm coordinates with 

    


a ! 100 mm , estimate 

bounds on the accuracy with which one can predict the corresponding projection 
coordinates  u  and  v .  Hint: for simplicity in the notation, you can consider the problem 



between two angles   ! 1  and   ! 2 , with corresponding predicted points 
   
u1,v1,0!
"#

$
%& and

   
u2,v2,0⎡
⎣⎢

⎤
⎦⎥ . 

Also, you can assume  N  is fairly large. 
7. Assuming that      

!
ρ = [2,5,10]T  mm/radian , and the other quantities are as in Question 6, how 

many calibration points will you need to guarantee that the projection coordinates  u  and  v  

can be predicted to an accuracy of 0.1 mm for and   
!
a  with 

    

a ! 100 mm . 

8. Suppose that we have two points    
!
a1 and    

!
a2  defined with respect to the c-arm.  Further, we 

know that 
   
a1 ≤ 100,100,10⎡

⎣⎢
⎤
⎦⎥  and 

   
a2 ! 100,100,10"

#$
%
&' .  The projections of these two points on 

the c-arm are 
   
u1,v1,0⎡
⎣⎢

⎤
⎦⎥
T

 and 
   
u2,v2,0⎡
⎣⎢

⎤
⎦⎥
T

.  We know that    ! = 0  (exactly) and 
     
!
η ≤ 2,2,10⎡
⎣⎢

⎤
⎦⎥
T

.  

Give a formula estimating how accurately you can predict 
   
u1−u2 .  Hint:  You can make 

good use of the approximation 
   

1
d + w

!
1
d

"
w
d 2

 when   w < < d . 


