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COMMON NOTATION: Use the notation F; to represent a
coordinate system or the position and orientation of an
object (relative to some unspecified coordinate system).
Use F,, to mean position and orientation of y relative to x.
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Assume equal

Tool path

Planned
@ hole







Want these to be equal

Can calibrate Tool path
(assume known for now)

Can control | :
/
/

Planned
hole
Base of robot

Assume equal

Tool holder
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I:WT /

pa
/

ip = I:Wrist ¥FWT

|
|
Question: What value of F,.4
will make Fy, = Fry o ?
Answver:
— 1
FWrisl - FTarget ¥ ¥FWT
— 1
- FTarget ¥FWT
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I:WT /’

7/ Frip = Fuig ¥Fur

e g
I Wrist

| /
Notational Note

WeusethenotationA ¥B
to representompositian or
transforméon. Wherethe
contextis clear,wemayalsouss Furis = Frage ¥! ¥Fyi "
AB for thesamething. = Frag ¥R, *

/

Question: What value of F,

will make Fr, = Fp, 00 ?

rist

Answer:
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Tool path
4

/|
FCP = l:Hole ¥FH/P/ I F

HP

Assume equal
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Question: What value of F,,;,will make these equal ?
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But: We must find Fo; E LetOs review some math

FWriSt = I:CT ¥FCP ¥ ¥FWT] '
= FCT ¥FCP ¥FWT! '

/=F

Hole

¥Fp
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Coordinate Frame Transformation

F=[R,p]

Russell H. Taylor © 1996-2009; 600.445 lecture notes Slide acknowledgment: Sarah Graham and Andy Bzostek
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Coordinate Frames

V=F¥b
//\ :[R,['j]¥b

~R¥b+p
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Forward and Inverse Frame

Transformations
Forward Inverse
F=[R,p] F''v=b
b=R'*¥(v! p)
=R''¥v! R''¥p
Vv=F¥b
=[R,p]¥b
:R¥b+p F!lz[Rll’!R!l¥p]
Composition
A%me F1:[R1’b1]1 F2 :[RZ’bZ]
Then | |
F,¥F, ¥b =F, ¥(F, ¥b)
! |
=F¥(R,¥b +p2|)
! ro
:[R11p1]¥§R2¥b +|p2) |
:R1¥R2¥b+Rl¥|b2+|bil
ol
:[R1¥R21R1¥p2+p1]¥b
So

! !
F, ¥F, =[F%1,|01]¥[R%,|02]|
= [R1¥R2’ RlpZ + pl]

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Vectors

& 7
Vcolzg\/yi i
B! Ay

length:|v] = yv,* +v, 7 +v,?

dotproducta=v!w = {vw, +v,w, +v,w,)=|v|w|cos

lvow, #v,w "
$ % .
crossproduct u=v! w =gv,w, #v,w, o, |u] =|v|w|sin’
Bow, #vow, A
Russell H. Taylor © 1996-2009; 600.445 lecture notes Slide acknowledgment: Sarah Graham and Andy Bzostek

Vectors as Displacements

N

& W, #
|
V+W—$ y+Wy!

Gy, +w,

V+WwW

N

Russell H. Taylor © 1996-2009; 600.445 lecture notes Slide acknowledgment: Sarah Graham and Andy Bzostek
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Matrix representation of cross product

operator
Define
"0 %a, a #
L.! ! [I1)
R-sem@=gn, 0 $as
“%a, a 0§
Then

al v = skew(a) ¥v

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Axis-angle Representations of Rotations

I ! 1!
=bcos! +a" bsin! +a(a¥b)(1# cos! )

Rodrigues' rotation formula (named
after Olinde Rodrigues)

Rottion ofavector b by angle ! sboutaxis a
| |
(Assumes tha a is aunit vector, HaH =1

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Exponential representation
Consde arotation éboutaxisn by angle /. Then
. N o
gsen(n)! = | +_Iske\/\/(h)+55kew(n)2 +E
By doing ©sme manipulation, you @n show
Rot(n 1= S“e‘”(”)’
= +skew(n)sm’ +skew(n) (1" cos!)
= +skew(n)snl +(n¥n "1)(A" cos!)
| [
=skew(n)sin/ +n¥n' (1" cos!)
Note tha for amall !, thisreduaesto
| |
Rot(n,! ) # | +skew(! n)

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Rotations: Some Notation

Rot(a,! ) = Rotation by angle ! about axis?
R:(! ) = Rotation by angle! about axisa
| L
R(a) = Rot(a, |al)

Ry (" #)= R()!(,! )¥R(§/, ")¥R(!Z,#)
R,.(.,".#)= R(!Z,! )¥R(§/, ")¥R(!Z,#)

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Rotations: A few useful facts
Rot(sa,/ )¥a=a ad |Rot(a)¥b|=|p|
|

Rot(&./ ) = Rot(d,! ) where é= Wj_”

Rot(&,/ )¥Rot(&,") = Rot(&,! +")
Rot(@,! )’ = Rot(&@#! ) |
Rot(a,0)¥b=b i.e,Rot(a,0)=1_, = theidentity rotation

Rot(&,! )¥t!) = (a'>¥t!:)a'>+ Rot(&,! )¥(|!o#(ai¥t!a)@)
Rot(&,! )¥Rot(1,") = Rot(, ") ¥ Rot(Rot(8,# ") ¥&,! )
Rot(&,’ )¥R, =R, ¥Rot(R" ¥4,/ )
R, ¥Rot(8,") = Rot(R, ¥B,")¥R,

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Rotations: more facts
If v = [vx,vy,vz]T then arotation R ¥V may be described in
terms of the effects of R on orthogonal unit vectors, !ex =[1,0,0]",
!ey :[o,IJ,O]T,IEeZ =001

R¥v=vr, +vr +vr,

Notelthat rotation :jo&n't affect inner products
: | L |
(R¥b)¥(R¥C)=b¥c

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Rotations in the plane

R¥#X$_#xcos! "ysin!'$
?/S’/f‘ sin! +ycos!f‘

_#cos!  "sin/ $¥#x$
Y&n!  cos! f‘ -(VS’/Zg

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Rotations in the plane

| | __#os! "sin/$ # 0%
R¥#, eyF_-o/gin! cos! f‘¥0/0 1?

! !
=#R ¥e, R¥ey§ »\

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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3D Rotation Matrices

R¥le, e 64=lR¥e, R¥e, R¥&}

X y
P
= Ty g
RT¥R—#?T b P
=0 ¥ Ty Tg
.8
WML L T 110 O
- T A i L e $
NN 3
g ¥ rT¥E PT¥LS ) 0 1§
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Properties of Rotation Matrices

Inverse of a Rotation Matrix equals its transpose:
R1l=RT
RTR=R RT=|

The Determinant of a Rotation matrix is equal to +1:
det(R)= +1

Any Rotation can be described by consecutive rotations
about the three primary axes, X, y, and z:
R= Rz,! Ry,! Rx,“

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Canonical 3D Rotation Matrices

Note: Right-Handed Coordinate System

| #. 0 0 &
R!X(!):Rot(x,!):gjg cog!) "sin(!)E
80 sin(/) cog!)(

 #eod!) 0 €n(/)8
R,()=Rot(y,/)=g0 0 1 O

(
sin(/) 0 coy/)(

#oog!) "sn(!) O0&

Ry(') = Rot(z,/) = oin(!) cos(!) og
® o 0«

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Homogeneous Coordinates

¥ Widely used in graphics, I XS"
geometric calculations )

¥ Represent 3D vector as 4D # $
guantity

! XII

#, 3

! S
¥ For our current purposes, we V O/O#y $ %#y$

will keep the Oscale® = 1

#75%

£o?

Russell H. Taylor © 1996-2009; 600.445 lecture notes

#Hz$

8
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Representing Frame Transformations as Matrices
11 0 0 p,"Iv,"

$#, $
V+|o%zp L0 PygiVvs_pyy
#H 0 1 p,$#v,$

oo 1%, ®

! R On !VII

R¥v# EO 19/319/

PYR # - p" 'R 0" IR p"_[R J=F
b 1830 1% g W IRPIE

IR p"Iv" 1(R¥v)+p"

F¥v# EO 1?/%%23 ! 9

Russell H. Taylor © 1996-2009; 600.445 lecture nots
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v, =F ri$,1¥pWT =Fq ¥b1

1 Wi

Tool holder

/

I FWrist,l

|

Base of robot
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F ¥[?WT = FCT ¥t?1

Wrigt, 1
Fois ¥Pyr = For ¥D,

Wrist,2

!
V2

vy

Tool holder
/

IIFWrist,Z

/

I:CT

,V
G
7
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17 FWrist,l

¥F!')WT = I:CT ¥t|)1

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Frame transformation from 3 point

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Frame transformation from 3 point
pairs

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Frame transformation from 3 point pairs

er _Rer +prC ‘/\bg
. 3/
Deflne aL b, .,
I 1 I | 1.3 | fe-- "“[( H
Vm_§ Vk bm:_" bk bl NG 7
! S P b,
u, :v v, a =b.!b,
Fea =R ca +Ppc :
1o : : ! 1Xv ; x Vs
chak +prC = RrC (b | b )+prC ?\\ Vm /G,

u, \x\’_ 3
chak chb +prC| chb prC ‘\Uz
e e e e e e e e e = e = = = ¥

| R =it v =0, | : X\;/
I p.=v_ I R_b SolveThesell | 2
|

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Rotation from multiple vector pairs

Given a system Ra, =u, fork=1" ,n the problem is to estimate R.
This will require at least three such point pairs. Later in the course we
will cover some good ways to solve this system. Here is a not-so-good
way that will produce roughly correct answers:

| | | |
Step 1: Form matrices U=[u, " wu,]JandA=[a " a]

Step 2: Solve the system RA =U for R. E.g., by R=UA""
Step 3: Renormalize R to guarantee R'R =1.

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Renormalizing Rotation Matrix

Given "rotation" matrix R :#X | éy | éz" modify it so R'R =1.

o
Step 1: a=r %,

N
Step2: b=r,%

! I
Step 3: 2| b | L
tep norrmleed |a“ HbH H'$

Russell H. Taylor © 1996-2009; 600.445 lecture notes




Calibrating a pointer

But what is by,??

Russel‘@PTaylor © 1996-2009; 600.445 lecture notes

Calibrating a pointer

tip

bpost = Fkbl |
= Rkbtip +p,

RusseﬁPTaylor © 1996-2009; 600.445 lecture notes
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Calibrating a pointer

For each measurement k, we have
b = R btlp + pk
l. e.,
! |
R btIp b =1p,
Set up a least squares problem
"oy | n #n? non

- L) 'cy
. %poste/&g pk()/g

'$_.T_‘;'_.._() %" ?/0

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Kinematic Links

Fo = Fe1 ¥Feq

[Rk’[!)k] :[Rk"lipk"l]¥%k"l,k’pk 1k§¢
:[Rk..l,pk..1]¥[Rot(rk, O, L Rot(rk, k)¥x]

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Kinematic Links
Fk!l,k

e

e
Base of robot

Fe =Fe ¥R,

|
[Rk1pk]:[Rk"1!pk"1]¥%k"l,lk’pk"l,k§ | |
=[Re1: P J¥[ROt(F,..! ), L ROt (F,. ./ ) ¥x]

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Kinematic Chains

F, =[1,0]
R, =Ry,R,,R,; = Rot(f,,! ) Rot(f,,! ,) Rot(fs,! ;)

Ps =Pos t Ros (r)l,z + Rl,zrjz,s)
= L,Rot(r,,/ )X
+L,Rot(r,!,)Rot(r,,! ,)X
+L,Rot(ry,/,)Rot(r,,! ,)Rot(r,,! ;)X

F,

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Kinematic Chains
It i =i,=i=2 |
R, = Rot(;z,!l) Rot(z,! ,)Rot(z,! )

=Rot(z,/,+!,+!,)
Lo ! !
p3 = pO,l + F\To,l (pll,z + R1,2p2,3)

= LRot(2,/ ) .
+L,Rot(2,/,)Rot(2.! )X |
+L,Rot(2,/ ROtz ,)Rot(2.! )X

= L,Rot(z,/,)x
+HLROUEZ, !, +1 )X
+L,ROt(z,! , +!, +! )X

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Fs

Kinematic Chains

It f=f =f, =%
I coy6,+6,+6,) —-sn(@,+6,+6,) O
R,=| sin(6,+6,+6,) cog0 +6,+6,) O

0 0 1

L coq6,)+ L,coq0,+6,)+ L,coq6,+6,+6,)
p,=| L,Sn@)+L,sinO,+6,)+ L,sinO,+6,+6,)
0

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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OSmallO Transformations

¥ A great deal of CIS is concerned with
computing and using geometric information
based on imprecise knowledge

¥ Similarly, one is often concerned with the
effects of relatively small rotations and
displacements

¥ Essentially, we will be using fairly

straightforward linearizations to model these
situations, but a specialized notation is often

useful

Russell H. Taylor © 1996-2009; 600.445 lecture notes

OSmall® Frame Transformations

Represent a"small” pose shift consi|sting of asmall rotation! R

followed by asrpall displacement ! p as
| F=[!R,! p]

Then | | |
| F¥UV=! R¥V+!p

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Small Rotations

"R = asmdl rotation
R, (" ! )= arotation by asmdl angle" ! about axisa

Rot(a,[a]) ¥b #a$b+b for |a] sufficiently small

"R(a) = arotation that is small enough so that any error
introduced by this approximation is negligible

"R(%)¥" R(ub)&"R(%i+ub) (Linearity for smal rotations)

Exercise: Work out the linearity proposition by substitution

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Approximations to OSmallO Frames
| F@ D) I R@L P
| F(a! p)¥V=! RE¥V+! p
"v+a#v+!p

AtV = skew(a) ¥V
$0 &, a %9
=.a, O &axg¥.vyg
g, a 0L ju

! R(é) "1+ skew(él)
skew(é) ¥a=0

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Errors & sensitivity

Often, we do not have an accurate value for atransformation,
so we need to model the error. We model this as a composition
of a"nomina" frame and a small displacement

Fawa =F AF
Often, we will use the notation F~ for F_,, and will just use
F for Fina-
F ' =FeAF
or (less often) F* = AF e F. We also useV’ = \!/+A\!/ etc.
Thus, if we use the former form (error on theright), and

nomi nd

Thus we may write something like

havenomlnal relatlonshlpv Fe b we get
V =F Ob |
=FeAFe(b+Ab)

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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F =FeAF?
J b, =b,+!b,
1
N

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Errors & Sensitivity

Suppose that we know nominal values for F, b, and v
and that

|
[-€,-e,-e] <AV, <[e.e.e]

F =F¥IF4 Co
/! b, =b,+!b,
,I \
N S

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Errors & Sensitivity

I* * !*
V =F ¥b

=F¥! F¥(b+!b)
|

=R¥Q R(;i)¥(b+' b)+! p)+p
| | |
"R¥(b+!b+a#b+a#!b+!f))+é
| | | |
=R¥b+ﬁ>+R¥(!b+5#b+5#!b+!|5)
| |
"\!/+R¥(!b+é#b+!é))
| |
if “é#! b”$||éj|“! b is negligible (it usually is)
SO
Lol Lo b ! | !
1v=V %" R¥(1 b+a#b+! p)=R¥! b+R¥a#b+R¥! p

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Digression: Orotation triple productO

Expressions like R¥a! b are linear in a, but are not always
convenlent to work with. Often we would prefer something

like M (R, b)¥a

! I
R¥al b="R¥b! a |

= R ¥ skew(" b) ¥a
=#R ¥skew(b) §L¥a

Russell H. Taylor © 1996-2009; 600.445 lecture notes

32



Digression: Orotation triple productO

Here are a few more useful facts:
R¥(a"b)=(R¥a)" (R¥D)
a" (R¥b)=R¥((R'*¥a) b)

Consequently
skew(d) ¥R = R ¥skew(R'* ¥@)
R' 'skew(d) ¥R = skew(R'* ¥3)

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Some more stuff

Consider
RFRRAR, = RR#R,
Rl +Sk(’ 1))R2(| +Sk(’ 2))$ RR(! +Sk(’ 3))
R, (I +Sk(! DR( +Sk(! ) $1 +Sk(-’ 3)
|+ RIS IR, + () +RIISK( RS ) 81+ k()
KOISRIK(IR4K(L)
smcewe pretend sk(' l)stk(l ,)=0
Sk(’ )$sk(R21’ )+sk(' 2) = Sk(Rle +f 2)

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Errors & Sensitivity
Previous expression was

! o b
"V, #R¥("b, +a$b+"p,)

Substituting triple product and rearlranging gives

| | ?/btfl&
"V, # IR | R | R¥skew() b)&¥: "PE
val
So |
! & B e
.)!E,?R|R|R¥Skew()b)§a "ng, .!g
¥) 1§ ral Wi

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Errors & Sensitivity

Now, suppose we know that ‘#t:)l‘$ I, this will give us

a system of linear constraints

&% &"'
(%) e ()
(%) & R R¥sken(ob) (1) (")
A T I e
(%) 2 (1)
(og ) (1),

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Error Propagation in Chains
<

F=F 0 ¥F
R Fe = Fuy FoFo” Fu
"Fe= (R For) FusFosd Fuw
= (Fou " FurFusc )" Fow

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Exercise

Suppose that yolu have |
#F$k"1,k :#R(.ak) $1 +skew(a,)
#P1i = &

172

Work out apprloxim?te fornl1ulas for [#R,,#p,]

interms of L, f,/, &, and g. You should

comtle up wit'h a formula that is linear in
L., &, and g,. F

Russell H. Taylor © 1996-2009; 600.445 lecture notes

35



Exercise

Suppose we want to know error in F, =F,"'F,

Fs =R FFFoFos
Fos =R FoFos
Fos' Fos =For Fio Py
"F, =R, R RaFL FoFos Fos
=F,, R Ry Ry P FioFas” Fos
= Fz,s! 1':1,2! " FoaFi2" Bl Fos

Fs

F1

Now substitute and simplify

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Another Example

O

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Another Example

Pr =Fry ¥y

F, =F, ¥F,, .

| =[Rg ¥RBU’F\|)B ¥Pgy +IE|)B] |

pr = RB ¥RBU ¥pr +RB ¥pBU +pB
Also

PTf =F ¥pr

Per = Fay ¥pluf |

| = RBU ¥.pr +|.pBU | |

pr = RB ¥RBU ¥pr +RB ¥pBU +pB

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Another Example

O O
Suppose that the track body R
to US calibration is not perfect /!
|
— | : :
FBU FBU' FBU | | \‘pTf +1 b, .
— - - \
_[RBU! RBU’RBU! Pey +pBU] \
: . . \
! P :FBU! FBUpLif " prl \\\

! ! ! !
:FBU(! RBUPUf +1 pBU)I (RBIUDUf +pBL,’) I
:RBU! RBUE)Uf +RBU! E)BU +Pgy ;l RBUpr " Psu
:RBU! RBUpr +RBU! Peu i RBUpr

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Another Example

Contlnumg E B
I pr _R [ R Upr +R BU " pBU BUpr
/L

| |
#RBU I(I +Skew(‘J$lBU))p|Uf +RBU stU BUp f
= %{Ufl-'-RBltl ¥$BU O/qbqf Ry Py "Bég/uf
=Ry, ¥$§au ()/quf Ry, pFIsU
=" RBU ¥pr %0$BU +RBU! F.)BU
=R, skew("pg, )%, *

IQBU! pBU

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Another Example
bT+'pr—F F(pr+ pr) '
'F (py +! pr):! R (pr +1 pr)+| P
#(.|+skevlv<s! >)gpm +l pr)w pB
(pr+ pr)+$ /chf+$ % Py +! .
I #pr|+ Py |+$ Ol/(pr |+' pB | |
R L
=R (pr +1 pr +$ O/q')m +1p,)+Pg " (RyPy; +P5)
=R ( pr+$ /opr+' pB)
'pr #R_ skew(" bBU)$

BU pBU

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Another Example

!PTf ! RB(! pr+l $|E')Bf+ )I
! be ' RBUSkeW(%)BU)#BU +RBU! bBU
! !
Py " Ry (Ry skewd@@mn# Ry ! Py +7, $Pg +1 1)

]
&R, skew(%) )# +Rg,! Pgy)

+RBskew(%)Bf) + ¥

|

, #
0I V1
= R, skew(%p_ )[R, [R skew(%,)|I, Peu 1
BU ey pr)I /10 1
0 1
O'py 1

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Another Example

Continuing E

1p,, =Ry, [R +R "R

| :
BUpr BU " pBU BUpr

S

S R ! !

I+skew($BU))p|Uf +R,,! pFU " RguPyy
_R I+R ¥$ /‘qu +RBU pBU Bég/uf
—RBU ¥$ %pr +R

:"RBU ¥pr 0/|0$ ' BU' pBU|
=R, skew("p, )E/EBU +R

BU " pI?U

I ¢
BU" pBU

Russell H. Taylor © 1996-2009; 600.445 lecture notes
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Another Example
pr+!?Tf=FB! FB(;pr+!;pr) |
! be :FB! FBI(.pr + !' pr)" ITBbe

F, (E)Bf +1 [!)Bf):! R, (Per +! pr')+! pBl |
#(||+ skev:/(é“B))gbe +! pr')+! pF |
:(pr + !Ipr)T$B Uy +85 % D+ D,
A0 P 90 By

| be #F (ple . ble +$|B 0/¢)le o F.)|B)" FIBpr | |

=R (beif #1 Py + 8, Yp +! Py )+Ps " (RePy +Ps)
=R, (! b, +$ /opr +! IOB)I
lpr #R, skew(" buf)$ R.,! Pgy

Russell H. Taylor © 1996-2009; 600.445 lecture notes

Another Example

! E‘:)Tf ! RB(! F:)Bf +7‘%B $IF:)Bf +! bB)l
! be ! RBuSkeW(%’Uf)#Bu +Ry,! bBU
! I ! N !
1P, " Ry Ry skew(%p, o +RB?! Doy +7, $Pg +1 0, )
E?R skew(%)uf)# U!! pBul
+R skew(o/p )# +lp, * |

, #

"1
o'U%
07 1
Olp, 2

[
skew(%)uf) IR, IR skew(%p,)| ly
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Parametric Sensitivity

Suppose you have an explicit formula like
el + Lol +) + Lycos( 1 + o)
P, =gLisin¢,) + Lsin(, +1,) +Lysin( +/,+1 )
) 0 %
and know that the only variation is in paramleters like L, and
!I'.. Then you can estimate the variation in p, as a function
of variation in L, and !/, by remembering your calculus.
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Parametric Sensitivity
Grinding this out gives:

| |
o, o[ Sl
Yo % e {
Whe're
L=l b L
=0T
o :'cos(!l) cos(!, +!,) cos(/,+!,+!)#
Moslane) sne e s,
y o 0 0 (4
"+ sin(!,) +Lsin(/ +! ) HLsin( L+ 1) L sin( ) LS+, 4 ) LS+, +)#
¢

|

0, '

B = Lcost,) + Licon(l, 1) + Lycos(/, #1,+15) Lol +1,)+ Looosll, +1, +1.) Lgoos(!1+!2+!3>2
) 0

) 0 0
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More generally E

Suppose that we have a vector function
o ! !
v =9(a) ='[91(q),---,gm(q)]T
of parameters q =[q,,...,q,]. Then we can estimate the value of

U S I
v+lv=g(q+!Q)

by
11 | |
\!/+!\!/" g(q)+J (@¥! q
where
$ '
8 LA
g#q1 #, )
NI
I@=g " 3
& ! )
& )
& 9, #, |
&#ql #q, z
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