Interpolation and Deformations
A short cookbook
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Linear Interpolation
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o D;=[20 20 20]
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Linear Interpolation
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Bilinear Interpolation

! (1" ! ) l:'li+1,j+l
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Bilinear Interpolation

lIJ(I ,‘U) =1 (»L“!Ji+l,j+l—i_(:|‘II ‘u)ll'li+1,j)+ (1" !)(ubi,j+l+(1" 'u)lljll)

| | | | | | |
& :qi,j +! (UHLJ " Ui,j)+H(Ui,;+1 ) Ui,j)+!:u(ui+1,j+1 ) Ui,j) ﬁ'
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Bilinear Interpolation
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N-linear Interpolation

Let
Py =" E " (B withO#", #1
be a set of interpolation parameters, and let
A-{AE A
be a set of constants. Then we define:
NlinearInterpolate(! ,A) =
(1$"  )Nlinearinterpolate(! s, {AE , Aus D

+"  Nlinearinterpolate(! g, {Aus . E (A )
NOTE: Sometimes in this situation we will use notation
A(!_N) = A(" 1’E , N
= NlinearInterpolate(! ,,A)
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Barycentric Interpolation
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Barycentric Interpolation
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Barycentric Interpolation
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Barycentric Interpolation
Let

| | N
P ={" E.," },witho#" #1 and $ ", =1
k=1
be a selt of interpolation parameters, and let

A={AE.A.}

be a set of constants. Then we define:

BarycentricInterpolate(! ,A)=! iA=$ " A

1ol I 1 N
k=

NOTE: Sometimes in this situation we will use notation
A( ) =A(".E ") =BarycentricInterpolate(! ,A)
NOTE: This is a special case of barycentric Bezier
1 sousra ROIYNOMIAL interpolations (here, 1* degree)
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Interpolation of functions

»

y(v) 4

v
<
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Fitting of interpolation curves
¥ The discussion below follows (in part)
G. Farin,_Curves and surfaces for computer-aided

geometric design, a practical quide, Academic
Press, Boston, 1990, chapter 10 and pp 281-284.
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1-D Interpolation

Given set of known values {y,(V,),.... ¥, (V,»)},
find an approximating polynomial y ! P(c,,...,Cy;V)
N
P(cy,....cy;iv) =" ¢ Py, (V)
k=0
Note that many forms of polynomial may be used
for the P, (v). One common (not very good) choice
is the power basis:
Pux (V) =v~
Better choices are the Bernstein plynomials and the
b-spline basis functions, which we will discuss in
a moment
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1-D Interpolation

Given set of known values {y,(V,),.... Y, (V. )}
find an approximating polynomialy ! P(c,,...,Cy;V)

N
P(co,...,cN;v):( CPyx (V)
k=0
To do this, solve:
"PN,O(VO) ! PN,N(VO)#"CO# "Yo#
$ . # v %B.% S %
% % $ %

$
o) 1 PV, % @, %
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Bezier and Bernstein Polynomials
N
P (c,.E ,cN;v)=( Cki o/(ll v) v
k=0

N
= ( C,Bui (V)
K=0

where By, (V) :é: ?jgl! v)N”‘vk

¥ Excellent numerical stability for O<v<1

¥ There exist good ways to convert to more
conventional power basis
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Barycentric Bezier Polynomials

N n
P(CO,E CN,UV) ( Ckgl:# N

= ( C,By i (U,V)
k=0

"N#
where By, (u,v) = B ° /bINk < utv=1

¥ Excellent numerical stability for c<0<1

¥ There exist good ways to convert to more
conventional power basis
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Bezier Curves

Suppose that the coefficients é'j are multi-dimensional

vectors (e.g., 2D or 3D points). Then the polynomial
e NP

P (CO,E ,cN;v)= 'klzoCkBN'k(V)

computed over the range Ou!- v | 1 generates a Bezier
curve with control vertices c;.

C
1 c,

Co
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Bezier Curves: de Casteljau Algorithm

Given coefficients E; , Bezier curves can be generated
recursively by repeated linear interpolation:

P @,E ,a;v):b(')“

where
b7 =,
b =(1! v)b** +vb} .
A :
W) v Sl! v) C,
- @rv)
& ¢
e (]

10



Iterative Form of deCasteljau Algorithm

Stepl: b;! ¢, for0" j" N
Step2: fork! 1step1untilk =N do
forj! O step 1untilj=N#k do
b, I (1#v)b, +vb,,,
Step 3: return b,
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Advantages of Bezier Curves

¥ Numerically very robust
¥ Many nice mathematical properties
¥ Smooth

¥ @lobalO (may be viewed as a disadvantage)
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B-splines
Given
coefficient values C = {c!:O," ,éUD! g
"knot points" U = {u,," ,U_,,p o} Withu, " u,,
D ="degree" of desired B-spline

Can define an interpolated curve P(C,U; u) onug,, " U <U_p,,

Then
- L+DI1 | 5
P(Cu)= # ¢,N(u)
j=0

where N7 (u) are B-spline basis polynomials (discussed
later)
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deBoor Algorithm

Given u, ¢, D as before, can evaluate P(c,u;u)
recursively as follows:

Step 1: Determine index i such thatu, " u<u,,,
Step 2: Determine multplicity r such that

U,, =u,,,=!" =u,

itr itr+l T

Step 3: Detd] =c, fori! D+1" j"i+1

Step 4. Compute P(c,u;u) =d>;" recursively, where

u. I u u! u
k _— +D! k ki1l 1

k!l
dJ'

| |
Ujprk - Ujig Ujprk - Ujig
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B-Splines -deBoor Algorithm
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B-spline basis functions

Given C, U, D as before
B L+D!1
P(C.Gu)= & €;N7(u)
j=0
where
1 u' " u 11} u
SHOES S
of Otherwise
ul u, . u,!u .,
N (u) =—— - NYu) +—*~—N}(u) fork >0
j+k!l! i1 uj+k! u;
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Some advantages of B-splines

¥ Efficient

¥ Numerically stable
¥ Smooth

¥ Local
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2D Interpolation (tensor form)

Consider the 2D polynomial

m n

Puv)=" " c;A(u)B;(v)

i=0 j=0
! COO l COn ) I BO(V)II
=AW AWIET # ]
%o | Crn @B, (V)&
where A (u) and B,(v) can be arbitrary
functions (good choices Bernstein polynomials or
B-Spline basis functions. Suppose that we have samples
Yy, =y(ug,v,) fors =0,...,N,
We want to find an approximating polynomial P.
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2D Interpolation: Finding the best fit

Given a set of sample values y _(u,,v,) corresponding to 2D coordinates
(u,v,), left hand side basis functions A (u),! ,A (u)# and right hand side
basis functions 4B (v),! ,B (v)# the goalis to find the matrix C of

coefficients c,.

To do this, solve the least squares problem

lc #
%™ &
SR A " " " # ﬁfflg
% &
(%?s(us'vs)& oléb(us)BO(vs) A)(us)Bl(Vs) I A(US)B](VS) l Am(us)Bn(Vs)%gjg: 8
oo g wo : : ks
% &
%mn§
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2D Interpolation: Sampling on a regular grid
A common special case arises when the (u,,v, ) form a regular grid. In this
case we have u, ! {u,! ,u }andv,! {v,! v }. Foreach value
vi ! {v,! v, } solve the N, row least squares problem
" " % " " ! "% "X, %
. #. &
B )E Tau) 1 ARG g
g8 " &8 " ! TR
for the unknown m-vector X;. Then solve m n-variable least squares problems
;XOO X01 I XOm 08/:) ;'#BO(VO) B1(V0) I Bn(VU) (j&A) ;COO C10 ' CmOZ
2X0 | X |V | Xin g #Bo(V1) By(vy) ! Bn(Vw)& ¥#Co1 Cii |' | Cmig
# " " & # " " & #" "# "8
# . & # . " . &
# # & # # & %()n Cﬂn ! Cmnf
# " " & # " &
#, & # &
no | Xt | XNVm@ @o(VNV) Bi(vy,) ! Bn(VNV)&

for the vectors '3';;:10,! ,Cjn?/o Note that this latter step requires only 1 SVD or

similar matrix computation.
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2D Interpolation: Sampling on a regular grid

¥ There are a number of caveats to the @ridOmethod
on the previous slide. (E.g., you need enough data
for each of the least squares problems). But where
applicable the method can save computation time
since it replaces a number of m and n variable least
squares problems for one big m x n problem

¥ Note that there is a similar trick that you can play by
grouping all the common u; elements together.

¥ Note that the y® and the c® do not have to be scalar

numbers. They can be Vectors, Matrices, or other
objects that have appropriate algebraic properties
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N-dimensional interpolation

Define
...N(U) AL (u)! A% (uy)

Then solve the least squares problem

| Wt Cooo " "

L # i, 8 | #
Cio 0

#.FOO! o(us) Fuo O(US) ! ml‘ My ( )$ﬁ # $0/#y s$
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N-dimensional interpolation

¥ The methods described earlier generalize naturally
to N dimensions.

Pu)=P(u,! ,u)=I1t1Tc

=0 iy=0
where A" (u) can be arbitrary functions
(good choices are Bernstein polynomials or
B-Spline basis functions). Suppose that we have samples
Y =Yy(uy) fors =0,...,Ng
We want to find coefficients of ¢, , approximating polynomial P.

| inA1i1(u1)! ANiN (uy)

i
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Example: 3D Calibration of Distortion

Suppose we want to compute a distortion correction function for a
distorted 3D navigational sensor. Let

P, =known 3D "ground truth"
g, = Values returned by navigational sensor
Here we will construct a “tensor form” interpolation polynomial using 5™
degree Bernstein polynomials
Fijk (ux’uy’uz )=8;,(u, )BS,j(uy )Bs,k (u,)
We need to do the following:

1. Bernstein polynomials are really designed to work well in the range
0<u<1, so we need to determine a “bounding box” to scale our q,
values. l.e., we pick upper and lower limits @™ and Q™ and
compute U, = ScaleToBox(q,,q™",q"*) where

X — Xmin
Xmax _ Xmin
2. Now, we set up and solve the least squares problem:

max )

ScaleToBox(x,x™ x
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Example: 3D Calibration of Distortion

! " ! " ;#Cc))(oo Cooo Cooo ; :#
ﬁzooo (ug) #  Fassug )$# ! ! ! $ %#ps
& ! $%;55 Csss  Cass $ &
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Y

y
s

pi%

Example: 3D Calibration of Distortion

The correction function will then look like this:

p:ICorrectDistortior?(élJ) '
{ U=ScaleToBox(q,q™,q™>)

5 5 5 |
return | | | C; ;4 Bs; (U, )Bs (U, )Bg, (U,)
i=0 j=0 k=0
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