Interpolation and Deformations
A short cookbook
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Linear Interpolation
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Linear Interpolation
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Linear Interpolation
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Bilinear Interpolation
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Bilinear Interpolation




Bilinear Interpolation
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N-linear Interpolation

Let

Ly ={l ..l () WithO£ET £1
be a set of interpolation parameters, and let
A={A.. A}
be a set of constants. Then we define:
Nlinearinterpolate(L ,A) =

(1- | N)Nlinearlnterpolate(L N-1’{AL’“"A2N'1})

+1 NIinearInterpoIate(LN_l,{A&N_lﬂ,...,AZN})
NOTE: Sometimes in this situation we will use notation
A(Ly) = Al 4,00 y) B
= Nlinearinterpolate(L ,A)
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Barycentric Interpolation
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Barycentric Interpolation
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Barycentric Interpolation
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Barycentric Interpolation

Let
. . J
L ={l,,....I.},withO£l £1 and g, =1
k=1
be a set of interpolation parameters, and let

A={A,...AL

be a set of constants. Then we define:

N
Barycentriclnterpolate(L,A) =L <A = é_ | A
k=1

NOTE: Sometimes in this situation we will use notation
AL ) =A(...,I ) =Barycentricinterpolate(L ,A)
NOTE: This is a special case of barycentric Bezier

oo . o
b GOO.MSFdlzJ%B!M”C’m'w ;nterpolatlons (here, 1" degree)
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Interpolation of functions

y(v) 4
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Fitting of interpolation curves
 The discussion below follows (in part)
G. Farin,_ Curves and surfaces for computer-aided

geometric design, a practical guide, Academic
Press, Boston, 1990, chapter 10 and pp 281-284.
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1-D Interpolation

Given set of known values {y,(Vo),-s Y (Vi )} »
find an approximating polynomial y @P(c,,...,Cy;V)
N
P(Cy,..,Cy3V) = é CkPN,k(V)
k=0
Note that many forms of polynomial may be used
for the B, (v). One common (not very good) choice
IS the power basis:
Puk(v) = v
Better choices are the Bernstein plynomials and the

b-spline basis functions, which we will discuss in
a moment
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1-D Interpolation

Given set of known values {y,(Vo),..., Y (Vi)}

find an approximating polynomial y @P(c,,...,Cy;V)

P(Core-,ChiV) = @ CcPy i (V)

k=0

To do this, solve:

éPN,O(VO) PN,N (Vo) l;'éco @ @’o l}
? . . . [_,je: u@e - U
e ' oueruTeu
gDN,O(Vm) PN,N(Vm)Hg:mg @/mg
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Bezier and Bernstein Polynomials

aN o
Ck8k+

C.Buk (V)

P (co,...,CyiV) (1- v)¥ wN

Qo= 7 Qo

=~
[

0

aN

where By, (V) = Gl 9(1 v) vk

9

» Excellent numerical stability for O<v<1

* There exist good ways to convert to more
conventional power basis
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Barycentric Bezier Polynomials

where By, (Uu,v)=, U "v' u+v=l1

o Excellent numerical stability for c<0<1

* There exist good ways to convert to more
conventional power basis
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Bezier Curves

Suppose that the coefficients cT are multi-dimensional
vectors (e.g., 2D or 3D points). Then the polynomial
. N o
P (CO,...,CN;V) =a By (V)
k=0
computed over the range 0 £v £1 generates a Bezier
curve with control vertices E{ .
Cl

C,

c o
0
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Bezier Curves: de Casteljau Algorithm

Given coefficients c,, Bezier curves can be generated

recursively by repeated linear interpolation:

e

P (CO,...,q;V) =h,

where
bjO =c,
k __ k-1 k-1
bj =(1- v)bj +Vvb; -
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Iterative Form of deCasteljau Algorithm

Stepl: b,- ¢, forO£ JEN

Step2: fork—- 1stepluntik=N do

forj - Ostepluntilj=N -k do
J; 7 (1- V)bj +Vbj+1
Step 3: return b,
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Advantages of Bezier Curves

Numerically very robust

 Many nice mathematical properties
e Smooth

“Global” (may be viewed as a disadvantage)
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B-splines
Given

—>

coefficient values C ={C,,-*-,C, ...}

"knot points" U = {uo,.--,uHZD_z} withu £u.,
= "degree" of desired B-spline
Can define an interpolated curve P(C,U; u) onu, , £u<u ., ,

Then
L+D-1
o D
j=0

5 . . . .
where N/ (u) are B-spline basis polynomials (discussed
later)
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deBoor Algorithm

Givenu, c, D as before, can evaluate P(c,u;u)
recursively as follows:
Step 1: Determine index 1 such thatu. £u <u.,,

Step 2: Determine multplicity r such that
u.. =u

-r ':ui
Step 3: Detd’ =c, fori- D+1£ j£i+1

I - r+1

Step 4: Compute P(c,u;u) =d>;" recursively, where

dk — uj+D-k - u dk-1+ U - uj-l dk-l
j j-1 j
uj+D-k - uj-l l-’|j+D-k - uj-l
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B-spline basis functions

Given C, U, D as before
o L+OD-1
P(CU;u)= g €N’ (u)
=0
where

il u E£ufu
NHOES S
10 Otherwise

U - Uj_l
uj+k-1_ u

u.., - Uu
N Yu) + %~ = N X(u) fork >0

Jj+1
1 uj+k uj

N (u) =

j_
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Some advantages of B-splines

o Efficient
 Numerically stable
e Smooth

e Local
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2D Interpolation

Consider the 2D polynomial

PUV) =4 & ¢A B (v)

i=0 =0
écoo Con @éBo (V) l;l

— €. . ue - u
=[Ag(u), ’Am(u)]é' 06 © 0
o " Cmn gg_j)n(V)g

where A (u) and B, (v) can be arbitrary

functions (good choices Bernstein polynomials or

B-Spline basis functions. Suppose that we have samples
y. =Yy(u,,v,) fors=0,...,N,

We want to find an approximating polynomial P.
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2D Interpolation: Finding the best fit

Given a set of sample values y.(u,,V,) corresponding to 2D coordinates
(u,.v,), left hand side basis functions [Ay(u),--, A, (u)] and right hand side
basis functions [B,(v),---,B,(v)], the goal is to find the matrix C of
coefficients c;.

To do this, solve the least squares problem

e u
é y e
© et
3’ (U v )u» BA(U)Bo(Vs)  Ag(Uug)Bi(vs) -+ A(U)Bi(v) - AUB, (Vo) & . u
SR e g
8¢
e u
& m
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2D Interpolation: Finding the best fit

A common special case arises when the (u,v,) form a regular grid. In this

case we have u, T {u,--,uy } and v, T {v,,--,v }. For each value

~

v, T {vy.vy } solve the N, row least squares problem

ée u é u ex,u
g ua é.u
Vo (uv > SAo(uy) - Am(u )u &0
& : 0 é 0 8XimH

for the unknown m-vector X;. Then solve m n-variable least squares problems
éxoo Xow || Xom l;' €By(vo) Bilvy) - Bi(vo)u écoo Cio Cmol\;I
é u é u é u
éxlo X | ] X 0 eB (Vl) Bi(v,) -~ B (Vl) _ éC01 Cia C 1
é : : 0 é ; L’J é : : u
é u>»é u € U
a 0 é g €on | Cn Crn U
é - u é u
é u é
§>(NVO XNvl XNvmg @Bo(V ) Bl(V ) -+ B (V )Q

for the vectors g&c,,---,C;,f§. Note that this latter step requires only 1 SVD or

similar matrix computation.
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2D Interpolation: Finding the best fit

 There are a number of caveats to the “grid” method
on the previous slide. (E.g., you need enough data
for each of the least squares problems). But where
applicable the method can save computation time
since it replaces a number of m and n variable least
squares problems for one big m x n problem

* Note that there is a similar trick that you can play by
grouping all the common u; elements together.

* Note that the y’s and the ¢’s do not have to be scalar
numbers. They can be Vectors, Matrices, or other
objects that have appropriate algebraic properties
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